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O ' Abstract 

\o : 

^SJ ■ Rational Lax hierarchies introduced by Krichever are generaUzed. A systematic 

construction of infinite multi-Hamiltonian hierarchies and related conserved quantities 
is presented. The method is based on the classical i?-matrix approach applied to Poisson 
algebras. A proof, that Poisson operators constructed near different points of Laurent 
expansion of Lax functions are equal, is given. All results are illustrated by several 
examples. 
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> ; 1 Introduction 
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First order PDE's of the form 

{ui)t = ^Al{u){uj)^ i,j = l,...,n 



in 
o 

are called hydrodynamic or dispersionless systems in (l-l-l)-dimension. An important sub- 
^ ■ class of such systems are these which have multi-Hamiltonian structure, infinite hierarchy 
>■ ! of symmetries and conservation laws. Differential Poisson structures for hydrodynamic sys- 
' tems were introduced for the first time by Dubrovin and Novikov [I^ in the form with 
^1 c = 0, where g^^ is a contravariant nondegenerate flat metric and P^ are related coefficients 
of the contravariant Levi-Civita connection. Then, they were generalized by Mokhov and 
Ferapontov P| to the nonlocal form 



g'^{u)d, - J^Pl^HK), + c{u,),d-\uj), (1.1) 



in the case when g^^ is of constant curvature c. The natural geometric setting of related bi- 
Hamiltonian structures (Poisson pencils) is the theory of Frobenious manifolds based on the 
geometry of pencils of contravariant metrics 0. Nevertheless, the condition of nondegeneracy 
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of g^^ for the above Poisson tensors is not necessary. The degenerate hydro dynamic Poisson 
tensors were considered by Grinberg ^ and Dorfmann 

In paper [0] Krichever introduced integrable dispersionless systems with rational Lax func- 
tions on CP^ of the form 

A^-l a ii 

fc=0 1=1 i=l 

where a's and the poles pi are smooth dynamical fields. Then, around all poles of ()1.2|1 . 
i.e. oo and p/, the powers of Laurent expansions of L generate infinite Lax hierarchies of 
commuting vector fields with Lie bracket being the canonical Poisson bracket p.ip with 
r = 0. Moreover, near these poles one can construct infinite hierarchies of constants of 
motion. Rational Lax functions ()1.2j) with related Lax hierarchies have been introduced in 
jH] in the context of Whitham hierarchies and topological field theories. From this point of 
view they have been considered also in [Zj and IHI- The bi-Hamiltonian structures of Benney 
and Toda like Lax hierarchies, but with Poisson bracket ()3.1|) with r = 1 and rational Lax 
functions was developed in [5]. Their various reductions were also studied. They also have 
been investigated in the context of degenerate Frobenius manifolds |lQj. In ^l], it was shown 
how to construct recursion operators for some classes of such rational Lax representations. 

In the theory of nonlinear evolutionary PDE's (dynamical systems) one of the most im- 
portant problems is a systematic construction of integrable systems. By integrable systems 
we understand those which have infinite hierarchy of commuting symmetries. It is well known 
that a very powerful tool, called the classical i?-matrix formalism, can be used for system- 
atic construction of (l+l)-dimensional field and lattice integrable dispersive systems (soliton 
systems) [I21-[IE1 as well as dispersionless integrable field systems [III-[in]- Moreover, the 
i?-matrix approach allows a construction of Hamiltonian structures and conserved quantities. 

In this paper the systematic approach of classical /^-matrices to (l+l)-integrable disper- 
sionless multi-Hamiltonian systems with meromorphic Lax hierarchies is presented. In the 
frames of that formalism we generalize the results of Krichever onto a wider set of integrable 
hierarchies with rational Lax representations as well as we develop systematically their multi- 
Hamiltonian structures. Section 2 briefly presents a number of basic facts and definitions 
concerning the formalism of i?-matrices on Poisson algebras. In section 3 we define Poisson 
algebras of meromorphic functions and construct i?-matrices. We study multi-Hamiltonian 
structures and show the main theorem, that Poisson tensors constructed for fixed Poisson 
algebra at different points of Laurent expansions of L are equal and that related hierar- 
chies mutually commute. In section 4 we investigate appropriate forms of meromorphic Lax 
functions, with finite number of dynamical fields, which permit construction of integrable 
dispersionless systems and illustrate results by a large number of examples. 



2 Classical i?-matrix theory on Poisson algebras 

The crucial point of the formalism is the observation that integrable dynamics from some 
functions space can be represented by integrable dynamics from an appropriate Lie algebra 
in the form of Lax equation 

Lt = ^d\L = [A,L\, (2.1) 

i.e. a coadjoint action of some Lie algebra g on its dual g*, with the Lax operators L taking 
values from this Lie algebra g* = g, where [■, ■] is an appropriate Lie bracket. From ()2.H) it is 



clear that we confine to such algebras g for which its dual g* can be identified with g through 
the duality map (■, ■) : g* x g ^ M. So, we assume the existence of a scalar product (-, ■) on g 
which is symmetric, non-degenerate and ad-invariant: (ada6, c)g+(6, adac)g = 0. This abstract 
representation ()2.1|1 of integrable systems is referred to as the Lax dynamics. Obviously, we 
have one-to-one correspondence between given lax dynamics and original dynamics. 

On the space of smooth functions on the dual algebra g* there exists a natural Lie-Poisson 
bracket 

{H.,F]{L):={L,[dF,dH]) L E Q* F G (g*) , (2.2) 
where dF, dH are differentials belonging to g which can be calculated from 

= {L',dF{L)), L,L'eQ*. (2.3) 

t=o 

A linear map i? : g — > g, such that the bracket 

[a,b]j^:=[Ra,b] + [a,Rb] (2.4) 

is a second Lie product on g is called the classical i?-matrix. We will additionally assume 
that i?-matrices commute with derivatives with respect to evolution parameters, i.e. 

{RL)^ = RLf (2.5) 

This property is equivalent to the assumption that R commutes with differentials of smooth 
maps from g to g. This property is used in the proof of Theorem 4.2 in ^7], although 
not explicitly stressed there. The equality ()2.5p will be used in subsection 3.5 to show a 
commutation between particular Lax hierarchies. 

Definition 2.1 Let A be a commutative, associative algebra with unit. If there is a Lie 
bracket on A such that for each element a E A, the operator ada : b ^ {a, 6} is a derivation 
of the multiplication, i.e. {a, bc\ = {a, b}c + b{a, c}, then {A, {■, ■}) is called a Poisson algebra 
and bracket {■, •} is a Poisson bracket. 

Thus, the Poisson algebras are Lie algebras with an additional structure. 

Theorem 2.2 Let Abe a Poisson algebra with Poisson bracket {■, ■} and non- degenerate 
ad-invariant scalar product (-, ■) with respect to which the operation of multiplication is sym- 
metric, i.e. {ab,c) = {a, be), \/a,b,c G A. Assume R is a classical R-matrix, such that ()2.5j) 
holds, then for each integer n ^ 0, the formula 

{H, F}^ = (L, {R{L^dF),dH} + {dF, R{L^dH)}) (2.6) 

where H, F are smooth functions on A, defines a Poisson structure on A. Moreover, all {■, ■}„ 
are compatible. 

The related Poisson bivectors Tin, such that {H, F}n = {dF, UndH) are given by the following 
Poisson maps 

n^: dH ^ {R{L''dH),L} + L'^R* {{dH,L}) , n^Q (2.7) 

where the adjoint of R is defined by the relation {R*a,b) = {a,Rb). Notice that the bracket 
()2.6|) with T2, = is just a Lie-Poisson bracket with respect to the Lie bracket ()2.4p . Referring 



to the dependence on L, Poisson maps ()2.7p are called linear for n = 0, quadratic for n = 1 
and cubic for n = 2, respectively. 

We will look for a natural set of functions in involution w.r.t. the Poisson brackets ()2.(j|l . 
Such functions are Casimir functions of the natural Lie- Poisson bracket ()2.2j] . A sufficient 
condition for smooth function F[L) to be a Casimir function is that its differential dF G 
ker adi, i.e. [dF, L] = 0. Hence, the following Lemma is valid 

Lemma 2.3 /i?/ Smooth functions on A which are Casimir functions of the natural Lie- 
Poisson bracket ()2.2|) commute with respect to {■■,-}n- The Hamiltonian system generated by 
a Casimir function C{L) and the Poisson structure {■, ■}„ is given by the Lax equation 

Lt= [R{L''dC),L], LeA. (2.8) 

Let us assume that an appropriate scalar product on Poisson algebra A is given by the 
trace form Tr : ^ ^ M, such that 

(a, h) = Tr {ab) . 

As we have assumed a nondegenerate trace form Tr on A, we will consider the most natural 
Casimir functionals given by the trace of powers of L, i.e. 



. , iCJL) = 4-Tr L^+i for ? ^ -1 

dCJL) = L'^ ^ I ' ^ ^ ^ ^ 

^ = Tr(lnL) for q = -1 



(2.9) 



for which the related gradients follows by ()2.3|) . Then, taking these Cq{L) as Hamiltonian 
functions, one finds a hierarchy of evolution equations which are multi-Hamiltonian dynamical 

systems 

Lt^ = {RidCg),L} = noidC,) = 7T,{dC,^,) = ... = MdC^.i) = ... . (2.10) 

For any i?-matrix each two evolution equations in the hierarchy ()2.10|) commute due to the 
involutivity of the Casimir functions Cq. Each equation admits all the Casimir functions as a 
set of conserved quantities in involution. In this sense we will regard ()2.1()j) as a hierarchy of 
integrable evolution equations. 

To construct the simplest /^-structure let us assume that the Poisson algebra A can be 
split into a direct sum of Lie subalgebras ^+ and A-, i.e. A = ^+ © A-, [A±,A±] C A±. 
Denoting the projections onto these subalgebras by P±, the classical i?-matrix is well defined 
as 

R=l(P^-P_) = P^-l = l-P_. (2.11) 

Following the above scheme, we are able to construct in a systematic way integrable multi- 
Hamiltonian dispersionless systems, with infinite hierarchy of involutive constants of motion 
and infinite hierarchy of related commuting symmetries, on an appropriate Poisson algebras. 
Finally, in the last step, we reconstruct our multi-Hamiltonian hierarchies in the original 
function space of related dispersionless systems. 



3 Lax hierarchies for dispersionless systems 
3.1 Poisson algebras of meromorphic functions 

Let JF be the algebra of meromorphic functions with a finite number of poles, i.e. these analytic 
functions which have no essential singularities, on a Riemann sphere CP^ (i.e. complex plane 



J.VJ. Vji \^±j.±K^j. I ' < J. y^j^j. y^Ljy^j.±vtjj Lij.Kyj.±kj y^J. y^HLj y^j. yy±j.±yjLjLj u uy^±±±ij 



with point at oo). Let p be a point in CP^ Assume now that this algebra depends effectively 
on an additional spatial variable x E Vt. Denote by A the algebra of all smooth functions: 
f : Q ^ J-", i.e. A = C°°(fi,jF). Let i7 = §^ if we assume these functions to be periodic in x 
or f2 = M if these functions supposed to belong to the Schwartz space for a fixed parameter 
p. The Poisson bracket on A can be introduced in infinitely many ways as 

{f,9}r-=fidpfd,g-d,fdpg) reZ f,geA. (3.1) 

Then, fixing r, A is the Poisson algebra with an appropriate bracket (jH.lj) . Poisson brackets 
()3.ip are generalization of canonical Poisson bracket (r = 0) through the addition of factor. 

To construct classical /^-matrices we have to decompose A into a direct sum of Lie sub- 
algebras. It can be done by expanding functions belonging to A in an appropriate annulus 
near a given point A. Three kind of points on parametrized by x CP^ will be important. Two 
fixed points: oo and 0, as well as points being smooth fields v{x) from Q to CP^. 



3.2 Classical i?-matrices 

Once we fixed Poisson algebra we are able to construct P-matrices and related Lax vector 
fields for which the algebra A constitutes the phase space. 



The expansion around oo. First, let us consider the case of point at oo. Then, meromor- 
phic functions from A expanded around oo are given by Laurent series: 




where ai{x) are dynamical fields. To construct P-matrices we have to decompose into 

Lie subalgebras. For a fixed r let A'^^_^ = {^i^k-r ^ii^)P'} ^^"^ -^Kk-r = {Y.i<k-r'^ii^)P'}- 
Let ap^ and bp"^ be elements from ()3.2|1 of order m and n, respectively. Poisson bracket ()3.1jl 
between these elements has the order m + n + r — 1 as 

{ap'", bp'^}^ = (mab, - na,b) p^+^+^-\ 

Now, simple inspection shows that A^^,_^ and v4^^_^ are Lie subalgebras in the following 
cases: 

1. r = 0, A; = 0; 

2. r G Z, A; = 1,2; 

3. r = 2, A; = 3. 

So, fixing r we fix the Lie algebra structure with k numbering the /^-matrices (12.111) given in 
the following form 

R = P^k-r - \ (3-3) 
where P^^-r an appropriate projection onto Lie subalgebra of functions expanded in Laurent 
series fl3.2|) . So, Lax hierarchy ()2.8|1 assigned by ()3.3|1 for a given Lax function L G A°° is 

where (■)^;j_^ = P^k-A') ^^'^ 7^ is the highest order of L expanded in Laurent series at 
00. So, if L has pole at 00 then > and the powers are positive, or if has pole at 00 
then A^ < and the powers are negative. 



The expansion around 0. Meromorphic functions expanded near constitute the follow- 
ing algebra 



The situation here is similar to the previous case. So, /^-matrices are defined for the same r 
and A; as at oo and are of the form 

1 



R — * _ pO 

2 <^~''" 



Hence, Lax hierarchies are 



where — m 7^ is the lowest order of Laurent series of L expanded around 0. So, if L has pole 
at then m > and the powers are positive, while if has pole at then m < and the 
powers are negative. 

Now, we will show that schemes for points at 00 and at are interrelated. 

Proposition 3.1 Under the transformation 

x' = X p' = p^^ t' = t 

the Lax hierarchy ()H.4j) defined by L & A°° for r, k transforms into the Lax hierarchy 
defined by L' = L E AP for k' = 3 — k,r' = 2 — r, i.e. 

L for k, r at 00 <^=^ L' = L for k' = 3 — k, r' = 2 — r at 0. 

Proof. It follows from the observation that {■,-}r = P^dp A = —p'^~'^dp' A d^' = — {•, -j^' 
and (L«)- , = (L'")0 , = {L'^^^r'- □ 



The expansion around v{x). Now, we will consider meromorphic functions in the form 
of Laurent series expanded around some field v{x): 

I a,ix)ip-vix)y\. 

\i=—m J 

Notice, that v{x) is a dynamical field of the same kind as coefficients ai{x). Let w4.>^,_^ = 
{^i^k-r^iiP ~ '^y} and ^<fc_r = {^i<k-r^iiP ~ '^T}' ^crc the situation is a bit more 
complicated as one has to expand p^ in ()3.ip at v{x), i.e. 

00 

s=0 

where Q = (-1)^ (""+/^^) for r < 0. Hence, p"^ as the element of Av, has the lowest order 
equal zero, the highest order equal r for r ^ and infinity for r < 0. Therefore 

{a{p - vr, b{p - v)"}^, = {{p - v)" + ... + v') X {mab^ - naj) {p - 

where a = r for r ^ and a goes to cxo for r < 0. One finds that A^i^_^,Al-i^_^ are Lie 
subalgebras in the following cases: 



1. 


r = 0, 


A; = 


0,1,2 


2. 


' -'-5 


A; = 


1 2- 


3. 


r = 2, 


k = 


2,3 



and i?-matrices have the form 

R=l- P<k-r- (3.6) 

However, we have to choose these i?-matrices which commutes with derivatives with respect 
to evolution parameters. Let L = J2i ^iip — vy. Then, 

{RL\-RU = Pl,_M-{Pl,,,L)^ 

\ i i / \i<k~r / 

= {k- r)ak-r-iVt{p - v)''~''~^ 

and equahty ()2.5p holds when k — r = 0. Hence, further on we will consider only /^-matrices 
dSSI) for 

k = r = 0,1,2. 

In consequence, one finds the following Lax hierarchies related to /^-matrices ()3.6|) 

= -|(l-)'^^,l}^ geZ+ r = 0,l,2, 
where — m 7^ is the lowest order of Laurent series of L at v. 

3.3 Scalar products 

To construct Poisson structures one has to define an appropriate scalar product on A. We will 
define it near a given point A by means of the trace form in the algebra A with the Poisson 
structure ()3.H) for fixed r: 

Troo/ = - / resoo (p^V) dx, 
Jn 

Tixf = [ resA dx, A = 0, v{x) f e A, 

Jn 

where res is the standard residue. In further considerations the residue theorem will be very 
useful. Let f E A and P be a set of all finite poles of /. Then, according to the residue 
theorem ^ 

y^resxj = TT- f f dp= -reSoo/ A^ 7^ 00 (3.7) 

where 7r is closed curve encircling all finite poles of /. So, residue at cxo may be different 
then zero even if / does not have singularity at this point. 

Lemma 3.2 For two arbitrary functions f,gEA the scalar product: 

{f,g)^:=TTxifg) X = ^,0,v{x) (3.8) 
is symmetric, nondegenerate and ad-invariant. 



Proof. The nondegeneracy and symmetry of ()3.8p are obvious. Let 7a be a closed curve 
circling once a finite pole A, then 

TrA {/, g]^ = / resA {dpfd^g) dx - resx {d^fdpg) dx 
Jn Jn 

= ^ / r (^pf^^d) dpdx - TT- I i (dccfdpg) dpdx 

= 77- I f {dxfdpg) dpdx - 77- f f {da^fdpg) dpdx = 0, 
Jn J-y^ '^'^i Jn J^^ 

where we have integrated by parts with respect to p and x. Similar proof is for A = 00. 
Therefore 

({/, 9}r , h), - {{g, , /)a = TiA ({/, g}r h) - TrA {{g, /) 

= TrA ({A, g]r - / {h. g]r) + TrA (/ {K 9]r) = TlA UK g]r = 0, 

i.e. ad-invariance is proved. □ 

For a given functional H{L) E C°°{A) of L E A the differential can be calculated by ()2.3|) . 
But for functional H = h{ui)dx, where Ui are dynamical coefficient of L G we have 
to show how to construct dH. Differential of H constructed near a given point A, will be 
denoted by d\H E A. Coefficients of d\H depend on dynamical fields and usual variational 
derivatives |^ in such a way that the trace duality assumes the usual Euclidean form, i.e. 

{d^H, U)^ = TrA [d^HU] = J2j^ ^("*)* (3.9) 

Notice, that from (j3.9|l it follows that 

V,, id,^H,K)^^ = {d,^H,K)^^ (3.10) 

where K is vector field on A such that it spans exactly the same subspace of ^ as L^. 

To find R*, i.e. the adjoint operation to R, one has to determine the adjoint projections 
near A from the following relation 

[{P'yf,g)^ = {f,P'g), f,geA\ 

So, for and oo we have 

( pO — 1_pO ( poo V — 1 _ p°° 



dx 



The case of A = v{x) is more delicate. Let A = J2m '^mip — v)"^ and B = J2n ^n{p — v)"", then 
for r ^ 0: 

(AP<oi?).= / res. {j2J2J2i'>'^''^"^^n{p-vr^-A dx 
= / ^^{'J)V'~''a-n-s-ibn dx = / XI XI (T)^ 

'^'^ s^O n<0 '^'^ s^O m^-s 

where we used an appropriate expansion of at v. Hence 

oo 
s=0 

for r = it reduces to (-P<o)* — ^ " B<o- ^^^^ ^^e simphfied notation: 

oo 

^«: = E(T)^"''"^(p-^r^<-. 



s=0 



as then (F^J* = 1 - fP^. 
3.4 Poisson structures 

The Poisson structures ()2.6|) at respective points, related to respective i?-matrices, are 

{H,F}l = {d^F,'K''^dxH), A = oo,0,t;(x) n^O 
for which Poisson operators are given by the following forms 

7i:.d^H={iL-d^H)^,^^,L}^-L-i{d^H,L}^)Zr.,, (3.11) 
TT^doH = {L, {L-doHf^,_^}^ - {{L, doHj^^r-k > 
ny^H = [L, {L-d,H)l,]^, - L'^fPl ({L, . 

It is important here to mention that for a given Lax operator L it may happen that Lt does not 
span a proper subspace of the full Poisson algebra A, i.e. the image of the Poisson operator 
Ti'^dH does not coincide with this subspace. Then, in general, the Dirac reduction can be 
invoked for restriction of a given Poisson tensor to a suitable subspace. 

Lemma 3.3 The following relations will he needed to prove forthcoming theorem: 
{d^F,{L,iL-doH)'^,_^.}X = {doH,L-i{d^F,L}^)^^^,_^)^, 
(dooF,L"({L,doi/}.)<2.-Joo = {doH,{{L-d^F)^,_^,L}^)^, 



for arbitrary k and r, and 



{d^F^imi'^d^Hr^.jX = {d.H,L''{{d^F,L}^)';^)^, (3.12) 
(dooF,LVP:({L,d,/7}J)^ = (d,H,{{L'^d^F)^,,L}^^^, (3.13) 



where r > 0. 



Proof. We will prove only the first and last relations as for the two remaining ones the 
proof is similar. We use property of ad-invariance and we omit (or add) these elements which 
do not contribute in calculations of residues: 

(d^F,{L,(L"doF)°,_JJ^ = {iL-doHf^,_^,,{d^F,L}^)^ 

= resoo (p-^ {L^doHf^,_^ {L, d^F}^) dx = les^ (p-^' (L"rfo^)<fc_, {{L, ^ooF},) Ja^-fc) dx 

= ^ reso {p-'L^doH {{d^F, L} J J^.-^) dx = {d,H, {{d^F, L} J J^.-^)^ ■ 

Let r ^ 0. Using proper expansion of at v we have: 

{d^F, L^'P;^ ({L, d,H}^))^ = - [ reSoo {dooFL^P', ({L, J) dx 

Jo. 

= [ reSoo ((L"(iooF)^o ({d.if, L},)) rfx '"1^ / res, ((L"rfooF)^o ii^, d,H}^)) dx 

= I Tes4{L^d^F)'^^{L,d,H}^)dx={{L''d^F)'^^,{L,d,H}^) 
Jn 

d,H,{{L''d^F)'^,,L}^ 



Thus all relations are valid. □ 

Theorem 3.4 Let L ^ A be a meromorphic Lax function. Then for all appropriate k and r 

{H,F}; = {H,F}1 and n^doH = TT^d^H 
while for k = r = 0,1,2 

V, {H, F}1 = {H, F}1 and tt^J^^H = n^^d^H, 



where Vi are dynamical fields. Therefore, Poisson structures, from the original function space 
of related dispersionless systems, calculated for fixed r and k at different points are equal. 



Proof. We will prove only the second set of relations as for the first part the proof is similar. 
Thus, 

= [d^F, {L, [L-d^^HT^,]^ - L-fPl^ {{L,d^^H}^))^ 

by 1^^^^^^ ^„ ^^^^^^ ^^^^^^ _ K^n^^^)^^ ^i^j^ 

Now, from the equality of above Poisson brackets it follows that 

{d^F, n^^d^H)^ = {d,^F, TTldx^H)^^ ^ {d^F, ^lA.H)^ ^ Tr^d.^H = n^^d^H, 
where Aj = 0,^^. Hence the theorem is proved. □ 



3.5 Commuting multi-Hamiltonian Lax hierarchies 

Let L G ^ be a Lax function such that L and can have poles at oo, and Vi{x). Then, 
for appropriate r and k near these poles one can construct the following multi-Hamiltonian 
Lax hierarchies ()2.10p 

Lt, = I {ln^I^_^ ' ^} = ^'ood^K = ^U^K-i = (3-14) 
L., = - <; ( LW ) , L I = 7r°rfo^; = rc'odoHl, = (3.15) 




L^^ = -ULm. , L = nU.^H:;^ = TilAMU = (3.16) 



where integer g > and t, r, ^ are evolution parameters. The Hamiltonians are then defined 
through trace forms near these poles and are given by p.9j) for g ^ 



(3.17) 



H^{L) = ^ [ resA (p-'L^^') for q + -n 

H\{L) = e / resA (p~^'lnL) for q = — n, 
Jn 



where e = — l,n = A^forA = cx) and e = 1, n = mo, for A = 0, tij, respectively. Calculations 
of from ()3.17p for A being the root of L may cause difficulties as then In L has at A essential 
singularity. There is an alternative approach. First we look for coefficients of dH\ which 

can be simply obtained from TixiL^^Lf) = ^4/^-^7^(^1)4 dx, since d\H^^ = L~^. Then, 
we calculate the functional H\ integrating a respective system of equations. 

Let us show that Lax hierarchies ()3. 14113. 1'Hj) for fixed r and k mutually commute. Due to 
Lemma f2 . 31 Hamiltonians ()3.17|) . as Casimirs of the natural Lie- Poisson bracket, are in involu- 
tion with respect to Poisson brackets ()3.4|) . i.e. {H^\ H^,}'^^ = 0, where Aj = oo,0,Vi. From 
Theorem 13. 41 it follows that T^x^dx. = n'^ dxj- Now, hence nd is the Lie algebra homomorphism. 



from the algebra of smooth functions to the Lie algebra of vector fields, the commutation be- 
tween Lax hierarchies ()3. 14113. 161 is immediate. For two vector fields = 7v^,d\.H^^ and 

^t' , = ^\jd\.H'^i' we have that 



Ai Ai q 1 Aj Aj qi 



where [■,■] is the Lie bracket between vector fields. However, for these commutations the 
Hamiltonian property is not necessary. We will show it for the Lax hierarchies ()3.14|1 and 
()3.16p with A; = r = 0,l,2as for the other combinations the calculations are similar. We will 



use simplified notation X = Ln = L'^i and 



\^)>0 - - A - A<o 



Then 



= - { ({^<o, ^} , l]^ - {X-, ^}.}. 
where we used Jacoby identity and the last equality holds since for r = 0, 1, 2 



V 

<0 



We see now that the restriction ()2.5j) is indeed crucial. Actually, in the same way one can 
prove commutations between symmetries inside these Lax hierarchies. 

Combining results from current and previous subsections we obtain the following corollary. 



Corollary 3.5 Let L be a Lax function in A with fixed Poisson bracket given by r and let 
us fix an appropriate k. Then, around each pole of L and one finds infinite hierarchy 
of commuting multi-Hamiltonian symmetries and infinite hierarchy of constants of motion. 
Moreover, vector fields from these different hierarchies mutually commute. 

In further considerations we are interested in extracting closed systems with finite number 
of djTiamical functions. Therefore, we will look for meromorphic Lax functions, with finite 
number of dynamical coefficients, which allow a construction of consistent evolution Lax 
hierarchies. So, in the following section we will select an appropriate meromorphic Lax 
functions. 



4 Meromorphic Lax functions 

The meromorphic Lax function L is an appropriate one if the right-hand sides of Lax hierar- 
chies ()3.14ll3.l'Sj) can be written in the form of evolutions L^, i.e. left-hand sides. These Lax 
hierarchies are generated by positive and negative powers (in general fractional) of respective 
expansions near poles of L and L~^. Actually, the appropriate expansions near oo and are 
for /c = r = 0; k = 1,2 and r G Z; k = 3,r = 2, while the expansions near Vi{x) takes place 
for = r = 0,1,2. One finds these poles by looking for roots of and L, respectively. 
Important is the following. Let L be an appropriate Lax function with respect to the Lax 
hierarchy related to one of poles. Then, it is as well an appropriate function for hierarchies 
for all other allowed poles, for the same r and k. It is so, as by Proposition ()3.4j) the Lax 
hierarchy related to one pole can be rewritten for another one. Moreover, for a given L and 
fixed r and k, the Lax hierarchies, generated near all poles, will mutually commute. 

We would like to investigate the general form of meromorphic Lax functions being ap- 
propriate Lax functions, i.e. such which allow a construction of integrable dispersionless 
equations. We will distinguish between three cases: the first one when L is a finite formal 
Laurent series at 0, the second one when L is a finite formal Laurent series at pole v{x), and 
finally more general case of rational functions. 

4.1 Polynomial Lax functions in p and p^^. 

Let us consider Lax functions of the form 

L = unP^ + UM^iP^'^ + ... + ui^„,p^"^ + (4.1) 

i.e. formal finite Laurent series at 0. The coefficients Ui are dynamical fields. For Lax 
functions 1)4.111 . in general, we can construct powers near oo and which will generate related 
Lax hierarchies ()3.14|) and ()3.15p . respectively. If A; = r powers calculated around roots of L 
generate additional Lax hierarchies given by ()3.16|) . 

From now on, without loos of generality, we will choose all appearing constants in the 
form that will simplify all formulae. 

Proposition 4.1 Lax function of the form ()4.H) is an appropriate one in the following cases: 



1. 


k 


= 0, 


r 


= 0." 


N 2, un = 1, Un-1 = 0, m = 0; 


2. 


k 


= 1, 


r 


G Z.- 


N ^ 0, Un = 1, rn ^ for r = 1; 


3. 


k 


= 2, 


r 


G Z.- 


N for r = 1, m 7^ 0, U-m = 1; 


I 


k 


= 3, 


r 


= 2: 


N = 0, m ^ 2, Ui_„i = 0, U^rn = 1 



We will not prove this proposition as it is the standard case considered in [TH] . 

Proposition 4.2 Under the transformation p' = p~^ Lax hierarchies, from Proposition \4 . 1[ 
generated by powers calculated at oo and for appropriate r and k transforms into Lax 
hierarchies for and oo with r' = 2 — r and k' = 3 — k, respectively. 



The proof immediately follows from Proposition 13. 11 Notice, that by transformation p' = 
Lax hierarchies ()3.16jl for r = k = 0,1,2 defined at roots of L being dynamical fields fall out 
from the scheme presented in this article. On the other hand, for: k = l,r = 0; k = 2,r = 1; 
k = 3,r = 2; according to Proposition 14.11 one can construct Lax hierarchies only at oo 
and 0. However, by p' = p~^ they transform into cases: k = 2,r = 2; k = l,r = 1; 
k = 0,r = 0; respectively, for which one is able to construct Lax hierarchies ()3.16p related to 
all poles (including poles being dynamical fields) of L' and L'~^. Hence, the relevant cases 
from Proposition 14.51 are: 

• k = 0,r = 0; 

• k = l,re Z\{0}; 

• k = 2,r = 2. 

The remaining cases can be obtained by transformation p' = p^^ according to Proposition 

To construct Poisson operators we have to choose a point near which we will perform the 
calculations. Nevertheless, as follows from Theorem 13. 41 the explicit form of Poisson operators 
in the original function space is the same for all points. Thus, we choose the oo as it is the 
standard case. Then, as we assumed the usual Euclidean form ()3.9|1 . differentials of functional 
H are given by 

N+k-2 
i=—m * 

where m = for k = 0. Still we have to check whether the above Lax functions span proper 
subspaces, w.r.t. Poisson operators ()3.11|) . of the full Poisson algebras. We will limit ourselves 
to linear (n = 0) and quadratic (n = 1) Poisson tensors, as obviously it is enough to define bi- 
Hamiltonian structures. Besides, in the all nontrivial cases Lax functions do not span proper 
subspaces w.r.t. Poisson tensors for n ^ 2. 

Poisson tensors restricted to finite number of fields are properly defined if the highest and 
lowest orders of Tr^dH and Lt will coincide. Simple inspection shows that the highest order 
of TT^dH is equal to max{A^ + k — 2, nN + 2r — k — 1} and the lowest is for A; = and 
min{fc — 1 — m, —nm + 2r — k} for k = 1,2. Hence, in the case k = the Lax function always 
span the proper subspace w.r.t. the linear Poisson tensor, but for k = 1,2 only in case when 
N ^ 2r — 2k + 1^ —m, otherwise the Dirac reduction is required. The linear Poisson tensor 
is of the form 

7r'LdH={ idH)^,_^ ,L}^-i{dH, L} J- . (4.2) 

The reduced linear tensor for = — 1 and k = r = 1, 2 is given by ()4.12j) . For the quadratic 
Poisson tensors the Dirac reduction is always necessary. The calculation procedure of Dirac 
reduction is explained in ^H] (in a bit different notation). The reduced quadratic Poisson 
tensor for A; = r = 0,l,2is given by 



{niy-'' dH = {{LdH)^, ,L}^-L {{dH, L}J J^, + - {L, d-'res^ {dH, L},}^ , (4.3) 
and for k = l,r = and k = 2,r = 1 takes the form 



{Triy^'dH = {{LdH)^, , L}^, - L {{dH, L}J + 1 [L, d^'res^ {dH, L},}^^, . (4.4) 



Both reduced Poisson tensors are always local as reSoo{-, - jo = (--Ox- 

In the article, in general, we present examples for simplest Lax functions, where calcula- 
tions are not very much complicated. From the Lax hierarchies considered we exhibit only 
the first nontrivial systems. 

Example 4.3 Two field system: A; = 1, r G Z. 
Let us consider the Lax function of the form 

L=p + u + vp~^. (4.5) 

It has poles at oo and 0. Then, for oo we have 



- (2 - r) f ) = TVodH^,, = nl'''dH^_,, (4.6) 



V J \—UxV — (1 — r)uv 

where (L^~'')^-^_^ = + (2 — r)up^^'^ . When r = 2 the next equation from the hierarchy 
is the first nontrivial one. For r = 1 this is the well known dispersionless Toda system. 
The hierarchy for is the same as L has only two poles of the same order and {L'^)'^^_^ = 
L — (L'')°i_^. The roots of L are X± = \{—u ± \/u^ — 4v) . Thus, for 



{L-^)% = -^{v-\±r' 



r 



1 



1 _4t)_ 



and one finds the following equations 



{U^ - Av)^2 \V{2V^ - UUa,) 



Of course, for k = r = 1 all equations mutually commute. 

The Lax function (I4.5|l the defines proper subspace w.r.t. the linear Poisson tensor ()4.2j] 
only for r = 0, 1. In the cases, the reduced quadratic Poisson tensors are given by fl4.4|l and 
()4.3p . respectively. Hence, for r = 

^ (0 d\ , (2d du \ 



.50/ \ud dv + vd 

and related Hamiltonians are 

= I uv dx = I {uh + v') dx. 



For r = 1 



and 



dv\ red _ fdv + vd udv \ 
vd J ^ \ vdu 2vdv J 



= [ uv dx = I {u^v + v'^) dx 
Jn Jn 

H't= f^^dx H't = ± [ \n^^±^^^^ dx. 
Jn V - 4w Jn V 



J- \J 



Example 4.4 Two field system: k = 2, r = 2. 
We will consider Lax function of the form 

L = vp + u + 

i.e. function ()4.5|) transformed by p ^ p^^ . By Proposition the hierarchy for oo is given 
by hierarchy ()4.6|) for k = 1, r = from above example. The roots of L are a± = 
Thus, for 

V — ^ 

one finds the following equations 



% = -{(i-')S.i}, 



2 

This system by Proposition^^ commutes with ()4.(j|l forr = 0. Thus, the Poisson tensors are 
given by ()4.7|) with Hamiltonians 

H^^ = [ ^ ^"^ dx H^f = Tfl(u + Vu^ - 4v) dx. 

4.2 Polynomial Lax functions in {p — v) and (p — v)~^ 

Let us consider Lax functions which are formal Laurent series around v, with a finite number 
of dynamical coefficients, of the form 

L = u^ip - vf + UM-i{p - vf'^ + ... + ?/i„„(p - t;)!-™ + u^m{p - v)-"^ m ^ 0. (4.8) 

Lax functions ()4.8|) have poles at oo and near which calculated powers generate, if allowed 
by k and r, respective Lax hierarchies. Additional powers with related hierarchies can be 
constructed around the roots of L. 

Proposition 4.5 Lax function of the form ()4.8|) is an appropriate one in the following cases: 

1. k = r = 0: ujy = 1, Un~i = Nv; 

2. k = 1, r eZ: N y^O, UN = I, L\ = for r = 1; 



3. k = 2, r eZ: N ^0 when r = l,L|p=o = 0' 
I k = 3,r = 2: N = 0, L\ = 0, j-L 



= 1; 

p=0 



- 1 

p=0 '^P 



= 0. 

p=0 



Moreover, for the same k and r, the respective Lax hierarchies commute. 



Proof. It is enough to consider the Lax hierarchy related to oo. Function ()4.8|) will be 
appropriate Lax function if the left- and right-hand sides of Lax hierarchy ()3.14j) will coincide 
and the number of independent equations will be the same as the number of dynamical 
coefficients in L. The Lax hierarchy ()H.14p can be written in two equivalent representations 

So, we have to examine expansions of this hierarchy near oo and v as well as at 0, since the 
factor f occur in Poisson bracket. It turns out that first representation yields direct access to 
terms with lowest orders, whereas the second representation yields information about terms 
with highest orders. Near oo we have 

Lt = {uN)tp'^ + {un-1 — Nv)tp^~^ + lower terms, 

where a = A^ + /!; — 2forA^7^0 when r = k — 1; and a = for = and r = k — 1. 
This impose the constraints on fields and Uiv_i given in Proposition. The expansion of 
^>k-r ^^^^ "^^ is of the form A>fc_r = higher terms + 7i(p — v) + 7o as ^>fc„r ^'^^^ have 
singularity at v. So, near v we have 



-m— 1 



Lt = higher terms + ("U-m + [m — l)v)t{p — v) + mvt{p — v) 
Lt = {A%_^., L}^ = {h.t. + 70, h.t. + u.Up - ^)~™}, = h.t. + 



and the lowest order of left- and right-hand side of ()3.14|) are always the same. The expansion 
of ^>fc_j. near 0, is of the form = higher terms + 'yp^~^. So we have 



lp=0 



Lt = higher terms + \ (^-^l\^^^ p" + J + (l| 

Lt = L}^, = \h.t. + 7p'-^ h.t. + iL\^^^P+ ^lp=o} = h.t. + (...K. 

For = r = we have a = and there is no need of additional constraints. For A; = 1 if 
r 7^ 1: a = and both sides have the same order in expansion at 0. But for A; = r = 1 we 
have a = 1. Hence, (L|p=o)t = and we have to impose the constraint L|p=o = 0. Then, 
both sides have the same form. For k = 2 and arbitrary r: a > and the first constraint 
of the form L|p=o = is needed. Taking into consideration this constraint: a = 2 and it 
follows that (^L|p=o)t = 0. Hence, both sides will agree if we impose an additional constraint 
-^L\p=o = 1. For A; = 3 the reasoning is similar to the case k = 2, but there will be one more 

constraint of the form -^L\p=Q = needed. Commutation of Lax hierarchies follows from 
Corollary E31 ^ □ 



Proposition 4.6 The case k = r = of Proposition \4.5\ by the transformation p ^ p — v 
turns to the case r = 0, A; = 1 of Proposition Thus both Lax hierarchies are equivalent. 

Proof. Consider the transformation p' = p — v, x' = x, t' = t, where t = tq or ^g. Then, 
dp = dp', dx = dx' — Vxdpi and dt = 8^ — Vtdpi. The points at oo and v transform into points 
at oo and 0, respectively and the Poisson bracket ()3.1|) for r = is preserved: 

{-, - jo = ^p^^x = dp: A {dx' + Vx'dp>) = dp' A d^' = {■, -jo • 



J- 



Let L be the Lax function of the form ()4.8p from Proposition 14.51 for r = A; = 0. Then, by 
the above transformation L' = L is a Lax function of the form 14.11 from Proposition 14.51 for 
r = 0, = 1. For meromorphic function A E A, let (^)q mean the zero-order term of Laurent 
series at A. From ()H.14j) and it follows that 

respectively. Thus the left- and right-hand side of ()3.16|) are equal 



Hence, 



<o ) Q I v / <o 



L' =-l fL'mV ,L' 



<i 

Similar calculations are valid at oo . □ 



Notice that, for the case A; = r = of Proposition 14.51 one is able to construct Lax 
hierarchies related to the roots of L, which is not possible for the case k = l,r = of 
Proposition 14.11 In the sense, the first case is more general. 

Proposition 4.7 Under the transformation p' = , the following equalities between some 
cases from Proposition^^ hold: 

• the Lax hierarchy related to for k = 3,r = 2 is equivalent to the Lax hierarchy related 
to oo for k = r = with N = —1; 

• the Lax hierarchy related to for k = 2,r 1 with N = is equivalent to the Lax 
hierarchy related to oo for k = l,r ^ 1 with N = —1; 

• Lax hierarchies related to oo and for k = 2,r = 1 with N = —1 are equivalent to Lax 
hierarchies related to and oo for k = l,r = 1 with N = —1, L\p=Q = 0, respectively. 

Proof. The appropriate Lax function from Proposition 14.51 for k = 3, r = 2 has the form 

L = Uo + U^l{p - V)"^ + ... + U-m{p - V)""" 

where L|p=o = 0, ^L|p=o = 1 and ^i^|p=o = 0. Taking into consideration the above 
constraints, expansion of L around is L = ... + + p- By transformation p' = p~^ 

we have that 

(p - v)-^ = {p'-^ - v)-^ = -v' - v'^p' - v')-^ 
where v' = v~^. Thus L transforms into 

L' = u', + u'^,{p' - vT' + ... + n-Av - v')-"". 

From the expansion around of L it follows that expansion of L' near oo is L' = p'~^ + 
{...)p'~^ + ... . Hence, u'q = 0, u'__i = 1 and the Lax function L' is an appropriate one for 



A; = r = 0. Analogously for two next relations in the proposition. The rest holds by Proposi- 
tion O □ 

Now, let us pass to the Hamiltonian formulation of Lax hierarchies related to the appro- 
priate Lax functions from Proposition 14.51 In general, the relevant cases are for /c = 0, 1,2. 
Further we will consider only them. The differential at oo of functional H for the Lax function 
of the general form ()4.8|) is given by 

- - (i^M^t ».^) - ")"' - E - ^^0-) (4.9) 

\ \ 1=1— m / 1=1— m / 

as 

Troo (LtdH) = — resoo {p~^LtdH) dx / ^esy {p~^LtdH^ dx 

Jn Jq 




For the Lax functions with constraints from Proposition 14.51 one has to modify differentials 
()4.9j) in an appropriate way or construct them by ()4.1H) . i.e. the same as in the next subsection. 
One has to examine when a given Lax function from Proposition span the proper subspace 
with respect to Poisson tensors. The procedure is rather technical and similar to the proof 
of this proposition. Thus, we omit it and we will present only the final results. The Lax 
functions from Proposition 14.51 for k = 0,1,2 span proper subspace w.r.t. linear Poisson 
tensor n = if ^ 2r — 2A; + 1, m ^ — 1 and r ^ k. Then, it is given by ()4.2|1 . If it is not 
the case, Dirac reduction is required. The reduced linear Poisson tensor for = — 1, m ^ 1 
and fc = r = 0,l,2is given by ()4.12p . These Lax functions do not form a proper subspace 
w.r.t. quadratic Poisson tensor n = 1 and always the Dirac reduction procedure is needed. 
For /c = r = 0, 1, 2 reduced quadratic Poisson tensors have the form ()4.3|) . 



Example 4.8 Two-field system: k = r = 1. 

The Lax function, taking into consideration appropriate constraints, is given by the form 

/ N / N-1 p(p + u-2v) 

L = [p — V) + u + v[u — v)[p — V) = 



p — V 

For cxD one finds {L)'^q = p + u ~ v and the following equation 



TTodH^ = nl'^^dH^. 



The Lax hierarchy related to v is the same as L = {L)'^^ + (i^)<o. The Lax function has two 
roots and 2v — u. Then, for (L~-'^)° q = ^^—^p'^ we have 



<o 



u 



2v- 
2vvx- 



(n-2i))2 



Tx^dH^ = nl'^^dH^, 



The Lax hierarchy related to the root 2v — u is up to the sign the same as above since L ^ = 
The general form for a differential of a given functional H according to ()4.9j) is 

dH = ^ ''' pip -v) + -—p. 

The Lax function defines the proper subspace w.r.t. the linear Poisson tensor ()4.2j) . The 
reduced quadratic Poisson tensors is given by ()4.4j) . Then, 

_ fdv + vd dv\ j,e^ _ / 2duv + 2uvd udv + 2vdv\ 

\ vd J ~ \vdu + 2vdv 2vdv J ' 

The respective Hamiltonians are 

= I {u-v) dx = 1 [ (u^ - v"^) dx 

Jn 2 Jq 

v-u , ^ f , /u 



H\= / dx H\ = / In --2 dx. 

4.3 Rational Lax functions 

Let us consider the general form of meromorphic Lax function given by 

N a rrii 

k=—mo i=l ki=l 

where Uk, at^ki and Vi are dynamical fields. From this class of functions considered in the 
following subsection we exclude those which have been examined earlier, i.e. ()4.1|) and ()4.8|) . 
Any function ()4.10|) in general has a pole at oo of order A^, at of order tuq and a evolution 
poles at Vj of order rrij. Then, one can construct positive powers of Laurent series at poles of 
L. Negative powers can be constructed as expansion at the roots of L. These powers generate 
for appropriate r and k Lax hierarchies ()H.14IIH.lT)|l . 

Proposition 4.9 Function of the form ()4.10|) is an appropriate one in the following cases: 

1. k = r = 0: 

• N ^ I, un = I, un-i = 0, mo = 0, 

• Uk = 0, Xir=i = 1' Yh=i {di^Vi + ai,2) = 0; 

2. k = l, r e Z: 

• N ^ 1, Un = 1, niQ ^ 1, 

• = -1, u-i + J2i=i = 1, mo ^ 1, 

• N ^ 1, Un = riiQ = 0, L\p=Q = for r = 1, 

• Wk Uk = 0, X^iLi = 1; L\p=o = Oforr= 1; 

3. k = 2, r e Z." 



• N ^ 1, mo > I, M-mo = 1; 




l; 



4- k = 3 and r = 2 



• N = 0, rrio ^ 1, Ui 



0, u 



1 







' dp 



p=0 




p=0 



0. 



Moreover Lax hierarchies calculated at different points for the same r and k mutually commute. 
We excluded here the Lax functions of the form ()4.H) and (I4.8|l . 

The proof is similar to the one of Proposition 14. 51 The evolution of the general form of rational 
function ()4.10|) is given by 



The Lax hierarchies have to be examined near oo, and dynamical poles. So, the meromorphic 
function of the form ()4.10j) will be an appropriate Lax function if: 

• the right-hand sides of the Lax hierarchy considered and the time derivatives Lt will 
have the same order at all above poles, 

• the number of independent equations, resulting from Lax hierarchies, will be the same 
as that of dynamical coefficients included in L. 

The first condition implies all constraints considered in Proposition. To see that, an analysis 
like in proof of Proposition 14.51 is needed. So, by the first condition the right-hand sides of 
considered Lax hierarchies for appropriate r and k can be uniquely presented in the form of 
Lt, i.e. the left-hand sides. So, the second condition immediately follows from the first one. 

The simplest way of deriving dispersionless systems related to a given meromorphic Lax 
functions is to transform Lax hierarchies into purely polynomial form in p through removal 
of finite singularities. It can be done by multiplication of both sides of Lax hierarchies by a 
proper factor. 

Proposition 4.10 Under transformation p' = p^^ Lax hierarchies, from Proposition \4 S[ 
defined at oo and for appropriate r and k transforms into Lax hierarchies defined at and 
oo for r' = 2 — r and k' = 3 — k, respectively. 

See proof of Proposition 14.71 and the comment after Proposition 14.21 
Hence, the relevant cases from Proposition 14.91 are: 




miai^mX'^i)t{p-Vi) 




• A; = 0, r = 0; 



k = l,re Z\{0}; 



The remaining cases can be obtained from the above cases by the transformation p' = p 



-1 



according to Proposition 14.101 

Once again we will consider Poisson tensors defined at oo. This time we are not going to 
present the explicit form of differentials dooH for the general meromorphic Lax function, but 
we will explain how to construct them. We postulate that 

dH = d^H= J2 1^P"~'~^ (4-11) 

i=Noo-l3+l 

where /3 is a number of dynamical coefficients in L and A^oo is the highest order of Laurent 
series of Lt at oo. The form ()4.11|1 allows us to solve ()3.9|) (A = oo) to obtain functions 7i 
in terms of dynamical coefficients of L and its variational derivatives such that we obtain the 
required Euclidean form. We will consider only relevant cases of meromorphic Lax functions 
from Proposition 14. 91 Verification that they span the proper subspace with respect to Poisson 
tensors is similar to the proof of this proposition. These Lax functions span the proper 
subspace w.r.t. the linear Poisson tensor ()4.2|1 for /c = if ^ 1 and for k = 1,2 if 
^ 2r — 2fc + 1 ^ —mo. If not the case, the Dirac reduction is required. The reduced linear 
tensors for A; = r = 0, 1, 2 and = —1 (A^ is the highest order of Laurent series of L at oo) 
are given by 

TT^^dH = { (dH)^, , L}^ - {{dH, L},) + {7ip + 70, L}^ (4.12) 
7i = S^^resoo {dH, L}^ 

70 = d~hes^ {dH, L}, - d-' (71 ((L)- + '^(nULn) , 

where {L)°^2 is the coefficient staying at the term of order —2 in Laurent series at oo. For 
/c = r = we have {L)'^2 = ()4.12j] simplified. Notice, that for k = r = the reduced 
Poisson tensor ()4.12|) is always local, but for the remaining cases it is in general not. In the 
case of quadratic Poisson tensors, considered Lax functions do not span proper subspaces and 
the Dirac reduction is needed. The reduced quadratic Poisson tensor for = r = 0, 1,2 are 
given by ()4.H|1 . and for k = l,r = and = 2, r = 1 by ()4.4|1 where m = mo- 

Example 4.11 The two-field system: k = r = 0. 
Let the Lax function have the form 

L = u[p — V) + [1 — u) \ p 



u-1 

2uv—v 



The roots of L are oo and a = . Then, for oo we have 

Lt. = { {L-Xo ' ^ (l) = ((iXi) = n^dHr = TT-'dHr, 

\ / t2 N u—l / X 

where (L~^)>q = p"^ + The hierarchy for a is the same as (I/^)>o = L — (L'^)°g. The 

function L has poles at v and A = At the point v one finds the following system 

L,, = - {{L)l, , L}^ ^(l)^= = ^S^'^^i = <^^o, 



where {LY^q = u{p — v)^^. The Lax function is invariant with respect to the transformation 
u 1 — u, V Therefore, the Lax hierarchy related to A can be obtained through this 

transformation. 

In the case the differential of a given functional calculated by 1)4.111) is 



dH 



2{u-lf5H ^ {u-lf5H 



6u 



uv'^ Sv 



3{u-lY{2u-l)6H {u~l){3u-l)6H 



Su 



+ 



uv 



6v 



p 



Then, from ()4.12j) and ()4.3|1 we find the following Poisson tensors 



IT, 



red 



d{l - u) 

(1 — u)d —dv — vd 



TV 



red 



d 



d 



respectively. The Hamiltonians are 



uv 



dx 



uv 

Y^u 



dx 



V dx 



u{u - 1)^ 



dx. 



Example 4.12 The four-field dispersionless system: k = r = 0. 
For the Lax function of the form 



near oo one finds 



^t2 



where (^^)^o = + 2a + 2b. Near to the v we have 



L = p + a{p — v) + b{p — w) ^ 
( 2av \ 

\2a + 2b + w^J ^ 
have 
(a- 



(a\ 

b 

V 

\w) 



-K^dH^ = Tl^'^dH^, 



t2 



% = -{(^)<o^^}c 



b 

V 



(v—w)'- 



(v—w)^ 



V + 



\ 



v—w 
a 

v—w 



J 



TlodHl = Tll^'^dH^, 



where (1v)<q = a{p — v)~^ . There are three, very complicated, roots of L. Thus, we are not 
going to calculate the respective equations. 
The differential of a functional H is 
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Then, from ()4.2)1 and ()4.3)1 one finds the linear 
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and quadratic Poisson tensors 
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respectively. The Hamiltonians are 

= [ {av + bw) dx = [ ((a + bf + av^ + bw^) dx 



f adx Hl= f (av + ) 
Jn Jn\ v-wj 



dx. 



Example 4.13 Four-field system: k — 1, r e Z. 
Let us consider a Lax function of the form 



L = p + u + vp ^ + w{p — s) ^ 



(4.13) 



It has poles at oo, and w. Related equations to oo for {L ^)>i-r — P + (2 — r)up are 
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The first equations from Lax hierarchies related to for r 7^ are 



V 

w 



— rv 



u — 

w 



~ TTodH^ — Trl^'^dH^_i 



Tr 



where (L'')<^_^ = v'^p ^. But for r — we have 
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where {L)'^^ — u — ^ + vp ^. For r — 1 and (iv)^o — '^(p ~ ^) ^ ^'^^ finds 

( u\ f Wx \ 
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Once again we are not going to consider Lax hierarchies related to roots of L. 



TTodHi — TTi^'^dHg. 



dH 



The differential of a functional H is 
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The Lax function ()4.13|) span the proper subspace w.r.t linear Poisson tensor fl4.2|) only for 
r = 0, 1. The reduced quadratic tensors are for r = 0, 1 given by ()4.4|1 and fl4.3j) . respectively. 
Thus, for r = 0: 
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\0 -d d / 

and 
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The related Hamiltonians are 

— I i'^'^ + + '^^) — I {'^'^^ + v"^ + ws^ + 2uws + u^w + 2vw + w"^^ dx 

Jn Jn 



Hk 



V dx 



V [u ) dx. 

n ^ s 



For r = 1 we have: 
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duws + uwsd + wd{2s'^ + w) + (2s^ + w)dw. The related Hamiltonians are 
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Example 4.14 Four-field system: k = r = 2. 

Lax function ()4.13|1 transformed hy p ^ p^^ has the form 



vp + u \-p -{p 
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For (Lr^-; = i|(p-5 



^ one finds the system 
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commuting, by Proposition ()4.1()j) . with equations from Example \4-l'^ for r = 0. The linear 
and quadratic Poisson tensors are given by ()4.14|) and ()4.15|) . respectively. Hamiltonian 
functional are given by 



w dx 



w \ u + 



dx. 



5 Comments 

In the article we have presented a systematic construction of multi-Hamiltonian dispersionless 
systems with meromorphic Lax representations. It is shown that for a given meromorphic Lax 
function L, if allowed by k and r, one can construct Lax hierarchies related to all poles of L and 
L^^ . These Lax hierarchies, if we fix k and r, mutually commute. It is shown how to construct 
Poisson tensors and infinite hierarchies of constants of motion. It is proved that Poisson 
tensors, from the original function space, reconstructed for different poles are equal. Also, 
we have examined systematically the forms of appropriate meromorphic Lax functions, with 
finite number of dynamical fields, allowing construction of consistent dispersionless systems. 
The Poisson tensors constructed for the appropriate meromorphic Lax functions considered 
in the following article are nondegenerate. 

Articles 0-110] deal with rational Lax functions from the algebra with fixed Poisson 
bracket r = 1. However, only the Lax hierarchies generated by powers constructed near oo 
have been considered there. For the class of rational Lax functions used in these papers the 
bi-Hamiltonian structures are degenerate, i.e. the determinants of the related metrics vanish. 
The reason is that the constraint of the form L|p=o = is not taken into consideration. So, 
one dynamical field always can be represented as a function of all others. This fact entails 
the degeneracy of Poisson tensors. 

There is a different approach to meromorphic Lax functions. From the complex analysis 
it is well known that meromorphic function can be uniquely presented in the factorized form. 
Because of such a factorization there is no problem in finding poles of L and near which one 
construct powers and related Lax hierarchies. Another advantage is that the dispersionless 
systems obtained have very symmetrical form. However, the disadvantage is that Poisson 
tensors are significantly more complicated. Such, factorized form of Lax functions as well 
allows for finding new reductions which are not obvious when we have Lax function in the 
standard form, see plj-PT]]. 

In the paper we have considered dispersionless systems with a finite number of dynamical 
fields. However, Lax function being infinite formal Laurent series leads to the construction 



of dispersionless infinite-field Benney moment like equations. Such systems for Laurent series 
at oo have been considered earlier in ^H|- The original Benney moment equation can be 
obtained for A; = r = 0. If we consider formal Laurent series at a pole being a dynamical 
field v{x) we will construct new classes of infinite- field dispersionless systems. They, together 
with bi-Hamiltonian structures, will be studied in a forthcoming article. Furthermore, all 
finite-field dispersionless systems, with meromorphic Lax functions, considered in this paper 
may be considered as reductions of these infinite-field systems. 

All Lax functions used in the article belong to the algebras of meromorphic functions. But, 
it is straightforward to extend the theory presented into algebras of holomorphic functions. 
So, it may be worth looking systematically for new classes of appropriate Lax functions being 
holomorphic and allowing construction of related dispersionless systems. 

Another issue is the extension of the theory of meromorphic Lax representations presented 
for dispersionless systems in order to construct integrable dispersive soliton systems for ra- 
tional Lax operators. The first approach towards this was made in article ^IJ. However, the 
authors constructed soliton systems related only to the case A; = r = from our article. A 
more general theory, of dispersive deformations of formal Lax functions being polynomials 
in p and p"^, is presented in our paper JH]- This approach is based on the Weyl-Moyal-like 
quantization procedure. The idea relies on the deformation of the usual multiplication in 
the algebra A to the new associative but non-commutative ^^r-product. However, this theory 
works only for r = 0, 1,2. Deformations of Poisson algebras for r = 0,2 are equivalent and 
lead to the construction of field soliton systems, but for r = 1 they lead to the construction of 
lattice soliton systems. So, in a forthcoming article we are going to present a general theory 
of the field and lattice soliton systems for rational Lax operators. 
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